Let A be a basis for N 0 of some order. By an essential subset of A one means a subset P such that A\P is no longer a basis (of any order) and such that P is minimal among all subsets of A with this property. In a recent paper, Deschamps and Farhi asked whether every basis of N 0 possesses some such subset. We construct, for every integer h ≥ 2, a basis of order h with no essential subsets. We also exhibit bases for Z without essential subsets.
INTRODUCTION
Let A ⊆ N 0 such that 0 ∈ A, and h ≥ 2 an integer. The h-fold sumset of A, denoted hA, is the subset of N 0 consisting of all possible sums of h-tuples of elements of A, i.e.: hA = {a 1 + · · · + a h : a 1 , ..., a h ∈ A}.
(1.1)
We say that A is a basis for N 0 of order h if the difference set N 0 \hA is finite 1 , in other words, if every sufficiently large integer can be expressed as a sum of at most h nonzero elements of A. This is a fundamental notion in additive number theory. One of the most important problems concerning bases is the issue of how sparse a basis of N 0 of a certain order can possibly be. There are several ways of posing a precise question which captures this idea, the best-known ones involving either the so-called counting function or representation function of a basis. Among the many standard references, one may consult, for example, [SS] . What makes the problem really interesting is that it appears to be the case that any basis for N 0 must contain a significant amount of redundancy. One way in which this notion is beautifully captured is in the long-standing conjecture of Erdős and Turán which states that the representation function of a basis of any order must be an unbounded function.
These matters are all well-known and it is not our purpose to explore them further here. Rather they provide natural motivation for introducing another concept, which seems to have received much less, though still some, attention. Let A be a basis for N 0 of some order. By an essential subset 2 of A we mean a subset P such that A\P is no longer a basis, of any order, and such that P is minimal among all subsets of A with this property. In the case where P is a singleton set, the corresponding element is called an essential element of A. Note that we are requiring here that removing P from A Date: April 20, 2008.
2000 Mathematics Subject Classification. 11B13 (primary), 11B34 (secondary). Key words and phrases. Additive basis, essential subset. 1 In the literature, it is common to call such a set A an asymptotic basis of order h. Our choice of terminology is consistent with that in [DF] , which is the source of inspiration for this note. In [DF] the authors use the French term essentialité. We could translate this literally as essentiality, but, to us at least, this does not sound like a natural English term. completely destroys the basis property, rather than just increasing the order of the basis. It is worth mentioning that the latter notion has also been studied : see, for example, [C] . Now, given the fact that all bases seem to possess some redundancy, what we might intuitively expect is that bases don't possess too many small essential subsets. This turns out to be true. The main result of [DF] , improving on results of earlier authors, provides a tight upper bound on the number of essential elements in a basis, purely in terms of the order of the latter. In particular, this number is finite. They also show that every basis possesses only finitely many finite essential subsets, though here it is not possible to give a bound purely in terms of the order. It remains open whether there exists a bound depending only on the order and the size of the subset.
It is easy to give examples of bases possessing no finite essential subsets whatsoever. As an extreme case, take A = N 0 itself. An example like this one illustrates extravagant redundancy, of course. Nevertheless, here we can still clearly identify infinite essential subsets of A, namely the complements of the sets pN, where p is any prime. An intriguing question posed by Deschamps and Farhi at the end of their paper was whether every basis for N 0 must contain some essential subset, albeit possibly infinite. In fact, they went further and asked more (it is not important here to recall exactly what), suggesting possibly that they believed the answer to this first question was yes. We shall show that, in fact, this is not the case. We shall construct, for every h ≥ 2, a basis for N 0 of order h without essential subsets. The remainder of this section will be devoted to presenting the idea behind our construction, the details of it being left to Section 2. In Section 3 we will briefly discuss bases for Z and demonstrate that in this setting it is very easy to construct bases without essential subsets.
The idea for our main construction is quite simple. Let A be a basis for N 0 of some order and suppose P is an essential subset of A. Then for every x ∈ P , the set A x,P := (A\P ) ∪ {x} is once again a basis for N 0 . Thus x is an essential element of A x,P . By Lemma 1 of [DF] , this means that the set A\P is contained in a non-trivial arithmetic progression, i.e.: there exists an integer d > 1 and c ∈ {0, 1, ..., d − 1} such that a ≡ c (mod d) for every a ∈ A\P . Thus, a basis A for N 0 possesses no essential subsets if it has the following property :
If B ⊆ A is still a basis, of some order, then for every d ≥ 2 and c ∈ {0, 1, ..., d − 1}, B contains infinitely many elements which are congruent to c modulo d.
For want of a better term, a basis with this property shall be called devolved. Thus it just remains to construct devolved bases, and this we shall do in the next section.
CONSTRUCTION AND PROOF
Let h ≥ 2 be given. We construct a devolved basis A of order h. The idea is to have
J n (2.2) and the following hold :
E1. Each I n is a finite interval, say I n = [r n , R n ]. E2. Each J n is a finite arithmetic progression, say [s n , S n ] ∩ (c n + d n Z). E3. r 1 = 0 and, for every n ≥ 1, r n < R n < s n < S n < r n+1 . E4. For every d ≥ 2 and c ∈ {0, 1, ..., d − 1}, there are infinitely many n ≥ 1 such that J n ⊆ c + dZ.
We need to show that an appropriate choice of the parameters r n , R n , s n , S n yields a set A which is a devolved basis of order h. First of all, let X be the set of all ordered integer triples (c, d, t), where t ≥ 1, d ≥ 2 and c ∈ {0, 1, ..., d − 1}. This is a countable set, so let O be any well-ordering of it. We have quite a lot of freedom in the choices of the above parameters, but something specific that works is the following recursive recipe :
Step 1. R 1 := 2, X * := {}, n := 2, q := h + n.
Step 2. Let (c n , d n , t n ) be the least element of X\X * , as defined by the ordering O, such that d n ≤ (h − 1)(R n−1 − r n−1 ) + 1. Take s n to be the first number greater than R n−1 satisfying s n ≡ c n (mod d n ) and take J n := [s n , S n ] ∩ (c n + d n Z), where S n is the smallest number greater than qs n such that S n ≡ c n (mod d n ).
Step 3. Update n := n + 1. Take r n := S n−1 + 1 and R n := hr n . Update X * := X * ∪ {(c n−1 , d n−1 , t n−1 )} and go to Step 2.
It is straightforward to check that our choices ensure that the set A given by (2.1) and (2.2) satisfies the properties E1 through E4. It remains to verify the following two claims :
CLAIM 1 : A is a basis of order h. CLAIM 2 : A is devolved.
Proof of Claim 1. For each n ≥ 1 let
Clearly, hA 1 = [0, hR 1 ]. Suppose for some n ≥ 1 that hA n = [0, hR n ]. The choice of s n guarantees that there is at least one representation
4)
where α 1 , ..., α h−1 ∈ A n . Then the choice of d n ensures that, at least for every x ∈ (hR n , S n + (h − 1)R n ], there is at least one representation
5)
where β ∈ J n and α 1 , ..., α h−1 ∈ A n . Finally, then, the choices of r n+1 and R n+1 ensure that hA n+1 = [0, hR n+1 ]. This completes the proof of our first claim.
Proof of Claim 2. Let n ≥ 1. Since S n > (h + n)s n , any representation of the number S n as a sum of at most h + n elements of A must contain an element from J n . Now let B be a subset of A which is still a basis of some order. It follows immediately that B must intersect all but finitely many of the sets J n . But then, by property E4, A must be devolved.
BASES FOR Z
The notion of basis makes sense in any additive semigroup, and an obvious case to look at is Z. One may consult, for example, [H] and the additional references therein for an overview of what has been done in this setting. The main lesson from the existing literature is that, since Z is a group, a lot of the usual questions concerning bases become much more tractable. In light of this, it is perhaps no surprise that it is also very easy to construct examples of bases for Z which possess no essential subsets, though a construction like that in Section 2 does not seem to work.
Let h ≥ 2 be an integer. Let a 1 < a 2 < · · · be an infinite increasing sequence of positive integers, such that a n ≡ n (mod h − 1). One should think of the sequence as growing very fast. For each n ≥ 1 set b n := 1 h−1 −a n + n−1 2 , if n is odd, 1 h−1 −a n − n 2 , if n is even.
(3.1)
Now take
{a n , b n }.
(3.2) By construction, A is a basis for Z of order h. But it is also easy to see that, provided the sequence (a n ) grows sufficiently fast, A has no essential subsets. Indeed, a subset B of A will then still be a basis for Z if and only if A\B is finite, in which case B will also be a basis of order h.
We finish this short note with a question which might be of interest :
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